The Growth of Functions
The idea behind the big-O notation is to establish an upper boundary for the growth of a function f(x) for large x. This boundary is specified by a function g(x) that is usually much simpler than f(x).
We accept the constant C in the requirement f(x) ≤ C⋅g(x) whenever x > k, because C does not grow with x.
We are only interested in large x, so it is OK if f(x) > C⋅g(x) for x ≤ k. The Growth of Functions
Example:
For x > 1 we have:
Therefore, for C = 4 and k = 1: f(x) ≤ Cx 2 whenever x > k. The Growth of Functions
Yes. x 3 grows faster than x 2 , so x 3 grows also faster than f(x).
Therefore, we always have to find the smallest simple function g(x) for which f(x) is O(g(x)). The Growth of Functions "Popular" functions g(n) are n log n, 1, 2 n , n 2 , n!, n, n 3 , log n Listed from slowest to fastest growth: • 1 • log n • n • n log n • n 2 • n 3 • 2 n • n! The Growth of Functions A problem that can be solved with polynomial worstcase complexity is called tractable.
Problems of higher complexity are called intractable.
Problems that no algorithm can solve are called unsolvable.
You will find out more about this in CS420. For any polynomial f(x) = a n x n + a n-1 x n-1 + … + a 0 , where a 0 , a 1 , …, a n are real numbers, O(g(x) ). 
Complexity Examples
What does the following algorithm compute? procedure who_knows(a 1 , a 2 , …, a n : integers) who_knows := 0 for i := 1 to n-1 for j := i+1 to n if |a i -a j | > who_knows then who_knows := |a i -a j | {who_knows is the maximum difference between any two numbers in the input sequence} Comparisons: n-1 + n-2 + n-3 + … + 1 = (n -1)n/2 = 0.5n 2 -0.5n
Time complexity is O(n 2 ). 
Another algorithm solving the same problem:
procedure max_diff(a 1 , a 2 , …, a n : integers) min := a 1 max := a 1 for i := 2 to n if a i < min then min := a i else if a i > max then max := a i max_diff := max -min Comparisons (worst case): 2n -2 Time complexity is O(n). When a divides b we say that a is a factor of b and that b is a multiple of a.
The notation a | b means that a divides b.
We write a X b when a does not divide b. (see book for correct symbol). Primes A positive integer p greater than 1 is called prime if the only positive factors of p are 1 and p.
A positive integer that is greater than 1 and is not prime is called composite.
The fundamental theorem of arithmetic:
Every positive integer can be written uniquely as the product of primes, where the prime factors are written in order of increasing size.
